


















Bose-Einstein condensation in a simple model of economy and emergence of
Pareto-tails in wealth distributions
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We present a simple microscopic model of economy to explain the Pareto law in tails of wealth
distributions. Our model is a kind of the so-called Monkey class urn model in which N urns (might
be regarded as people in society) share M = ρN balls (might be regarded as money) under global
constraint (a conservation of the total amount of money) : n1+· · ·+nN =M , where ni (i = 1, · · · , N)
means the number of balls in the i-th urn. Each urn possesses its own energy E(ni). Then, we
evaluate the probability P (k) that an arbitrary urn has k balls by using statistical mechanics. For
the choice of the energy function as E(ni) = ǫini, where ǫi means energy level of i-th urn obeying
some distribution (density of states) D(ǫ) ∼ ǫα, we find that below the critical temperature at
high density level (ρ ≡ M/N ≫ 1), Bose-Einstein condensation occurs and most of the urns falls
in the lowest energy level ǫ = 0. As the result, the distribution function P (k) changes its scaling
behavior from the exponential k−3/2 e−k-law to the k−(α+2) Pareto-law in large k regime. This
transition between the exponential law to the Pareto law might be regarded as a kind of economic
revolution from planned economy to market economy. We also discuss the Gini coefficient, which is
a traditional, a popular and one of the most basic measures for earning differentials in economics.
PACS numbers: 02.50.-r, 89.65.Gh
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I. INTRODUCTION
Population of wealth (or income) decreases following power law for the richest 5-10% of the population. This fact
observed by the Italian economist Vilfredo Federico Damaso Pareto in 1896 is well-known as Pareto law [1] (which
is sometimes referred to as Zipf law or Zipf-Mandelbrot law in the context of social networks or complex systems).
Up to now, a lot of studies have been done to explain the Pareto law and its mechanism from view points of various
research fields. In spite of these attempts, there is few work to show why and how the Pareto law emerges as a result
of many body problems.
As such previous extensive studies, Angle [2] introduced an interacting particle model and evaluated their collective
behavior by computer simulations. Ispolatov et.al. [3] introduced a dynamical model of capital change. In their
model, a specified amount of capital is exchanged between two traders when they meet. Bouchaud and Mezard [4]
proposed evolutionary equations with respect to wealth of individuals and solved it via the Fokker-Plank approach
in the mean-field limit. They found that the equilibrium distribution of the wealth follows the Pareto law and below
some critical Pareto index, wealth condensation takes place, namely, the economy is dominated by a few individuals.
Dra˘gulescu and Yakovenko [5] used the so-called transfer model in which the economic system is closed, that is, the
total amount of money and the number of economic agents are fixed. Chatterjee et.al. [6] shows the emergence of
the Pareto law by ideal gas modeling of markets with money saving properties. Besides these microscopic agents
models, Fujiwara et.al. [7] showed by some phenomenological arguments that the Pareto law is derived under the
assumption of the detail valance and the so-called Gibrat law. A part of the other interesting studies was reported in
the proceedings of recent workshop [8].
These studies are nice to explain the Pareto law, however, some other microscopic models of economy should be
proposed and systematic analysis of them seem to be needed to discuss the collective behavior of agents in markets,
especially, the condition on which the Pareto law in wealth distribution emerges.
Recently, in the research field of complex networks [9, 10], Ohkubo et. al. [11] proposed a network model which is
well-known as Ehrenfest class preferential urn model [12] to explain how the complex network gets so-called scale-free
properties. In the model, each urn corresponds to a node in graph (network) and the number of distinguishable balls,
k, in each urn is regarded as degree of nodes. For this model system, he succeeded in deriving the scale-free properties
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2∼ k−1(log k)−1 in the probability of the degree of vertexes within the replica symmetric theory [13, 14]. However, as
a complex network, in which topological structures are supposed to be important, the model is limited to investigate
the network geometry beyond the statistical properties of the degree of vertexes. In that sense, the urn model is
much more suitable to explain how the wealth (or income) of the society follows the power law behavior, namely, to
investigate the condition on which the Pareto law emerges in the tail of the wealth distribution.
In this paper, we present a simple model of economy to explain the Pareto law in wealth distributions. Our model
is a kind of so-called Monkey class urn model [12, 15] in which N non-distinguishable urns (might be regarded as
people in society) share M = ρN balls (might be regarded as money) under global constraint (a conservation of the
total amount of money) : n1 + n2 + · · · + nN = M , where ni (i = 1, · · · , N) means the number of balls in the i-th
urn. Each urn possesses its own energy function E(ni). Then, we evaluate the probability P (k) that an arbitrary
urn has k balls by using statistical mechanics. For a specific choice of the energy function, we find that below the
critical temperature at high density level (ρ ≡ M/N ≫ 1), Bose-Einstein condensation occurs and most of the urns
falls in the lowest energy level. As the result, the distribution function P (k) changes its scaling behavior from the
exponential k−3/2 e−k-law to the k−(α+2) Pareto-law in large k regime.
This paper is organized as follows. In the next Sec. II, we introduce a general formalism for the urn model with
a general energy function E(ni) (i = 1, · · · , N) for each urn. The general class urn model contains both Ehrenfest
and Monkey classes as its special cases. We explain the relation between the saddle point that determines the
thermodynamic properties of the system and the chemical potential. With the assistance of this general formalism,
we provide an analysis for a special choice of the energy function, which is an example of exactly solvable models
in Sec. III. We discuss the condition on which the Pareto law appears in the tail of the wealth distribution for the
solvable model. In Sec. IV, we show that for the special choice of the energy function E(ni) = ǫini (i = 1, · · · , N) for
each urn of the monkey class, the Bose-Einstein condensation occurs and the Pareto law emerges in the probability
distribution of balls put in an arbitrary urn. In Sec. V, we discuss the Gini coefficient, which is a traditional, a
popular and one of the most basic measures for earning differentials in economics. In Sec. VI, we mention about the
probability P (k) for the other models, namely, the Ehrenfest class urn models in heterogeneous heat bath and the
so-called Backgammon model.
Last section is a part of discussion. In this section, we compare the results of our analysis with several studies from
empirical data. The difference between them and its possible explanations are also discussed.
II. GENERAL CLASS URN MODEL
We first formulate a general class of the urn model which contains both Ehrenfest and Monkey classes as its two
special cases. Let us prepare N urns and M balls (M ≡ ρN) and consider the situation in which the N urns share
the M balls. Then, we start our argument from the Ehrenfest class urn model [12] in which each ball in urns is
distinguishable. For mathematical models categorized in the Ehrenfest class, the probability p(ni) that i-th urn





where we consider that each urn is put in a homogeneous heat bath, namely, the inverse temperature for each urn
is given by βi = β for all i. However, as we shall mention in Sec. V, it is possible for us to consider the case of the
heterogeneous heat baths, that is, each urn is put in the heat bath specified by urn-dependent inverse temperature
βi.












































































































to introduce the conservation of the total balls : n1 + · · ·+ nN = M ≡ ρN into the system. In the thermo-dynamic
limit N →∞, logZ1 is evaluated as










where the bracket 〈· · · 〉 means the average over the urn-dependent disorders appearing in the energy function E(n).







with equation (2), is rewritten in the limit of N →∞ as















where z1s, z2s are saddle points appearing in equation (2) when we evaluate the integrals. We easily find z1s = z2s
because the first terms for each saddle point equation (5) or (6) are vanishingly small in comparison with the other
two terms in the limit of N →∞.


































It should be noticed that the above saddle point equation for the Ehrenfest class urn model (7) is now rewritten in
terms of chemical potential






























From this probability p(n) with the effective Boltzmann factor φE,µ,β(n), equation (10) means that the ratio (density)





4and its value is controlled by the chemical potential µ through the equation (10). Then, the chemical potential µ and
the saddle point zs are related through the equation (9). Therefore, when we construct the system so as to have a
density ρ, the corresponding saddle point zs is given by (10). As the result, the chemical potential µ that gives ρ is
determined by (9).







and to obtain the following probability distribution






for the solution zs = e
βµ of the equation (12). Now it is time for us to stress that the Ehrenfest or Monkey class is
recovered when we choose the effective Boltzmann factor φE,µ,β(n) as follows.
φE,µ,β(n) =
{
(n!)−1 exp [−β(E(n)− nµ)] (Ehrenfest class)
exp [−β(E(n)− nµ)] (Monkey class) (14)
In the Monkey class, each ball in the urns is not distinguishable. The model we shall deal with from here becomes
the Ehrenfest or the Monkey class urn model by choosing one of the equation (14).
III. EXACTLY SOLVABLE URN MODEL FOR THE EHRENFEST CLASS
As an demonstration of the Ehrenfest urn model whose thermo-dynamic properties are specified by equations (7)
and (8), we introduce a kind of solvable models and consider the condition on which the Pareto law appears. To this
end, we choose the energy function E(n) as
E(n) = −ǫn (15)
where ǫ means an urn-dependent disorder of the system taking a value in the range [0, 1] randomly. The tendency of
this energy function to force each urn to gather balls as much as possible results in the fact that the rich get richer











 = β−1(eβ − 1). (16)
We should keep in mind that the inverse of temperature β in our model system is not a disorder but a control
parameter. This equation (16) reads zs = βρ/(e
β − 1) From equation (8), the probability for the choice E = −ǫn,
namely, P (β, k) that an arbitrary urn possesses k balls at inverse temperature β is given by






















In following, we evaluate P (β, k) .
By replacing the variable ǫ by t = eβǫ, the probability P (β, k) is rewritten as



















5with Jk(β, zs) ≡ z−1s (e−zs − e−zse
β
). Therefore, our problem is now to evaluate the integral defined by (19). The








(−1)(k−1)z−1s (e−zs − exp(kβ − zseβ)) (|zs| > 1)
(−1)(k−1)z−ks (k − 1)!(e−zs − e−zse
β
) (|zs| < 1) (20)




tk−1e−tdt ≃ (k − 1)!
∫ eβ
1
e−tdt = (1− e−eβ)(k − 1)!. (21)





−zs − exp(kβ − zseβ)) (|zs| > 1)
z−ks (e
−zs − e−zseβ )(k − 1)! (|zs| < 1)
(1− e−eβ )(k − 1)! (zs = 1)
(22)
In following, we evaluate the probability distribution P (β, k) via equation (18) for the three cases of |zs| > 1, |zs| < 1
and |zs| = 1.
• |zs| > 1 (ρβ > eβ − 1)
In this case, the probability distribution P (β, k) is written by



















If the function Φ(β) increases as k increases, the probability distribution P (β, k) becomes negative. Therefore,
Φ(β) = 0 should be satisfied for arbitrary values of k. This condition reads k = ρ/(1− e−β), that is,
ρ = e−β(eβ − 1)k. (25)
This means that in order to obtain a positive definite P (β, k), the density ρ should increases as the number of
the balls k increases. Substituting this density ρ into (23), we obtain the probability distribution P (β, k) in the
asymptotic regime k →∞ as









−β+k log zs = β−2k−1exp [−kΨ(β)] (26)
Ψ(β) ≡ β(1 + e−β)− 1− log β > 0. (27)
Thus, the probability distribution P (β, k) decreases rapidly as k increases. Namely, in this regime βρ > eβ − 1,
it is hard for each urn to gather the balls. As the result, the urn which possesses a lot of balls does not appear.
• |zs| < 1 (βρ < eβ − 1)
In this case, by substituting Ik(β, zs) = (k − 1)!(e−zs − e−zseβ )/zks into the equation (18), we obtain






(e−zs − e−zseβ )z−ks =
1
βk













Therefore, in this regime βρ < eβ − 1, a lot of urns having many balls appear and the Pareto law emerges.
6• |zs| = 1 (ρβ = eβ − 1).
Substituting the integral Ik(β, zs) = (1 − e−eβ )(k − 1)! into the equation (18), we obtain the probability
distribution P (β, k) as
P (β, k) =
(1 − e−eβ)(k − 1)!
βk!
= β−1(1− e−eβ ) k−1 (30)
and the Pareto law emerges on the line ρβ = eβ − 1.
From these analysis, we find that the asymptotic behavior of the probability P (β, k) changes on the boundary ρβ =
eβ − 1. The explicit form of the asymptotic behavior is given by
P (β, k) =


β−2k−1exp [−kΨ(β)] (exponential-law : ρβ > eβ − 1)
β−1Θ(β) k−1 (Pareto-law : ρβ < eβ − 1)
β−1(1 − e−eβ) k−1 (Pareto-law : ρβ = eβ − 1)
(31)
where we defined the functions Ψ(β) and Θ(β) by














eβ−1 (1− e−ρβ). (33)













FIG. 1: Phase boundary ρβ = eβ − 1 on which the asymptotic behavior of the probability P (β, k) changes from the exponential law to
the Pareto law. Below the boundary, the asymptotic form of the probability P (β, k) obeys k−1-law, whereas above the boundary, the
asymptotic form follows k−1e−k-law.
on which the asymptotic behavior of the probability P (β, k) changes from the exponential law to the Pareto law.
Thus, we conclude that for the choice of the energy function (15), the Pareto law of the tail in the wealth distribution
appears in high-density ρ≫ 1 and low temperature T ≡ β−1 ≪ 1 regime.
IV. BOSE-EINSTEIN CONDENSATION AND EMERGENCE OF THE PARETO LAW
In the previous section, we evaluated the asymptotic form of the income distribution P (k) for the urn model of the
Ehrenfest class with energy function E(n) = −ǫn. Obviously, from the view point of the energy cost, it is a suitable
strategy for each urn to gather balls as much as possible. In that sense, this case should be referred by the concept the
7rich get richer in the context of social networks. However, by using the general definition of the problem, we freely
choose the energy function for both the Ehrenfest and Monkey classes.
In this section, for the Monkey class urn model whose thermo-dynamic properties are defined by equations (12)
(13) and (14), we evaluate P (β, k) for a specific choice of energy function E(n). We choose the energy E(n) as
E(n) = ǫn. (34)
We should notice that for this simple choice of the energy function, the urn (a man) labeled by ǫ 6= 0 is hard to
gather the balls (money). On the other hand, the urn (a man) with ǫ = 0 energy level easily gathers (earns) the balls
(money). The urn model having this type of energy function does not agree with the concept the rich get richer.
Nevertheless, we use the energy function (34) because as we shall see below, a kind of condensation with respect to the
urns occurs for this choice of energy function, and as the result, the Pareto law in the tail of the wealth distribution
emerges. This section is a central part of this paper.
For a given choice of D(ǫ) as the density of state, namely, degeneracy of the energy level of the urn, we rewrite the















z−1s eβǫ − 1
(35)




where we defined ε0 ≡ (V/(2π)3)(4πm/~3)
√
2m which is usually derived from the normalization condition of a particle







z−1s eβǫ − 1
+ ρǫ=0 (37)
where ρǫ=0 means the density of balls in the urn labeled by the zero-energy level ǫ = 0. The second term appearing in
the right hand side of equation (37), namely, ρǫ=0 is given explicitly as ρǫ=0 = zs/(1−zs). By a simple transformation

















z−1s eβǫ − 1
. (39)
We should keep in mind that b3/2(zs) ≤ b3/2(1) = ζ(3/2) = 2.6... is satisfied (bn(1) =
∑∞
k=1 k
−n = ζ(n)). Therefore,
if we define the critical temperature Tc above which almost all of the urn has non-zero energy level ǫ 6= 0, the Tc is






















1− zs ≡ B(zs). (41)
Thus, for a given density ρ, the saddle point equation to be solved is B(zs) = 1. It should be noticed that for T > Tc,
the first term appearing in the equation (41), namely, ρǫ 6=0 = (T/Tc)
3/2(b3/2(zs)/ζ(3/2)) becomes dominant in (41)
and almost all of the urns has non-zero energy level ǫ 6= 0. On the other hand, for T < Tc, the second term appearing
in (41), that is, ρǫ=0 = (1/ρ)zs/(1 − zs) becomes dominant in the equation (41) and almost all of the urns becomes
to condense into zero-energy level ǫ = 0. Thus, the Bose-Einstein condensation in the energy level of the urns takes
place. In FIG. 2, we plot the (T/Tc), ρ-dependence of the function B(zs). The solution of the saddle point equation

































FIG. 2: The (T/Tc), ρ-dependence of the function B(zs). The solution of the saddle point equation (41) corresponds to the intersection of
the lines B = B(zs) and B = 1. The left panel is behavior of B(zs) at low temperature regime T/Tc = 0.0001, whereas the right panel is
plotted at relatively high temperature regime T/Tc = 1.2. For each panel, the function B(zs) is plotted for the case of ρ = 1, 10 and 100.
The Bose-Einstein condensation takes place at low temperature and hight density ρ ≫ 1 level. This condition gives zs = 1 as a solution
of the saddle point equation B(zs) = 1.
B(zs) at low temperature regime T/Tc = 0.0001, whereas the right panel is plotted at relatively high temperature
regime T/Tc = 1.2. For each panel, the function B(zs) is plotted for the case of ρ = 1, 10 and 100. We find that
Bose-Einstein condensation occurs at low temperature and hight density ρ≫ 1 level. This condition gives zs = 1 as
a solution of the saddle point equation B(zs) = 1.
For a given solution of the saddle point equation (41), we evaluate the probability distribution P (β, k) that an
arbitrary urn possesses k balls. After simple calculations, we obtain the wealth distribution at inverse temperature β
as follows.










−3/2 − β−3/2zk+1s ε0Γ(3/2)(k + 1)−3/2 (42)































FIG. 3: The behavior of the probability (42) in non-asymptotic regime. We set ε0 = 1 and zs as zs = 0.1, 0.8, 1.0, and the inverse
temperate is β = 1. The inset of the figure shows the asymptotic behavior of the probability P (β, k) as semi-log plots of k-P (β, k) for the
case of zs = 0.1, 0.5, 0.7, 0.99 and 1.
in finite k regime in FIG. 3. In this plot, we set ε0 = 1 and zs as zs = 0.1, 0.8, 1.0, and the inverse temperate is
9β = 1. In the inset of the same figure, we also show the same data in log-log scale for the asymptotic behavior of
the probability P (β, k) for several values of zs, namely, zs = 0.1, 0.5, 0.7, 0.99 and 1. From these two panels, we find
that the Pareto law k−5/2 emerges when the Bose-Einstein condensation is taken place. From the view point of the
saddle point evaluation, this condensation takes place if and only if zs = 1 is satisfied. The numerical analysis of the
probability (42) in the limit of k →∞ is easily convinced by asymptotic analysis of equation (42). We easily confirm
that the asymptotic form of the wealth distribution P (β, k) behaves as





Let us summarize all results we obtained in this section as follows.
P (β, k) =
{
(βk)−3/2(1− zs)ε0 exp [−k log(1/zs)] (zs < 1)
(3/2)β−3/2ε0Γ(3/2) k
−5/2 (zs = 1)
(44)
From this result, we conclude that the Bose-Einstein condensation is specified by the transition from the exponential
law to the Pareto law. In other wards, the Bose-Einstein condensation in the urn model is characterized by the
emergence of the Pareto law in the tail of the wealth distribution P (β, k).
A physical interpretation of the result (44) is given as follows. If the saddle point equation (41) has a solution
zs < 1, almost all of the urns stays in the state of ǫ 6= 0. Then, from the energy function E = ǫn, few urns earn
many balls, and as the result, the probability distribution for the number of balls behaves as P (β, k) ∼ k−3/2e−k. On
the other hand, below the critical temperature T < Tc at high density level ρ ≫ 1, the Bose-Einstein condensation
occurs and the solution of the saddle point equation (41) leads to zs = 1. Then, almost all of the urns condensate
into the lowest energy level ǫ = 0, From the definition of the energy function E = ǫn, the restriction of the energy
vanishes, and as the result, the distribution of the number of balls changes from the exponential ∼ k−3/2e−k-law to
the ∼ k−5/2 Pareto-law.
V. GINI COEFFICIENT
In Sec. III, we devoted our analysis to extremely large income regimes (the tail of the wealth distribution), however,
it is quite important for us to consider the whole range of the wealth. As reported in [8], the wealth distribution for
small income regime follows the Gibbs/Log-normal law and a kind of transition to the Pareto-law phase is observed.
For the whole range distribution of the wealth, the so-called Lorentz curve [17, 18, 19] is obtained. The Lorentz curve
is given in terms of the relation between the cumulative distribution of wealth and the fraction of the total wealth.
Then, the so-called Gini coefficient [17, 18, 19], which is a traditional, a popular and one of the most basic measures
for earning differentials, could be calculated. For the energy function (34) in the previous section, we derived the
wealth distribution for the whole range of incomes k. In this section, we evaluate the Gini coefficient analytically.










kP (k)dk for a given wealth
distribution P (k).
For instance, the Lorentz curve for the exponential distribution P (k) = γ e−γk is given by X(t) = 1− e−γt, Y (t) =
1− (γt+ 1) e−γt, namely,
Y = X + (1−X) log(1−X). (45)
We should notice that the Lorentz curve for the exponential distribution is independent of γ.
For the power-law distribution P (k) = (γ − 1) k−γ (γ > 1), we have X(t) = 1 − t1−γ , Y (t) = 1 − t2−γ , and the
Lorentz curve is given as
Y = 1− (1 −X) γ−2γ−1 . (46)
This curve depends on the exponent γ. In FIG. 4, we plot the Lorentz curve for the exponential distribution (45) and
the power-law distributing (46) with several values of γ.




















FIG. 4: The Lorentz curves for the exponential distribution (45) and the power-law distributing (46) with several values of γ = 2.5 and 3.
and we have G = 1/2 [18, 19] for the exponential distribution and G = 1/(2γ− 3) for the power-law distribution. For
the Pareto-law distribution ∼ k−(α+2) obtained in the previous section, the Gini coefficient leads to G = 1/(2α+ 1).
In economics, the Gini coefficient is a traditional measure to discuss earning differentials and the coefficient could
be changed from 0 (no differentials) to 1 (the largest differentials). However, we should keep in mind that the
Gini coefficient itself has less information about the differentials than the wealth distribution. For example, the
Gini coefficient for α = 1/2 of the Pareto-law P (k) ∼ k−(α+2) gives the same Gini coefficient as the exponential
distribution. This fact comes from the definition of the Gini coefficient G, that is, G is defined as an area between
Y = X and the Lorentz curve. It could be possible to draw lots of the Lorentz curves that give the same area (the
same Gini coefficient). Therefore, it should be noted that actually the Gini coefficient is one of the measure for the
earning differentials, however, the wealth distribution is much more informative than the Gini coefficient.
VI. SOME OTHER MODELS
In this section, we mention about the result for the other choice of the energy function E(n) for both the Ehrenfest
and Monkey classes. In Sec. II, we obtained the general form of the saddle point equation (12) and corresponding
form of the distribution (13). It should be stressed that it is possible for us to analyze any type of the urn model.
A. Ehrenfest urn model in heterogeneous heat bath
We first consider the case of the following energy function for the Ehrenfest class :
E(ni) = − logni! (i = 1, · · · , n) (48)
which was dealt with in the study by Ohkubo et.al. [11]. This energy function forces each urn (person) to gather
the balls (money) as much as possible. In other words, the rich get richer. In the model, each urn is put in the
heterogeneous heat bath at temperature β−1i . Therefore, the urn-dependent randomness appearing in the system is
not the scaling factor of energy but the inverse of temperature. To evaluate the average over the inverse of temperature,
they used the replica method. However, in following, we show that the same saddle point as the replica symmetric
solution [11] can be obtained from the different argument by means of the Jensen’s inequality.













For the solution zs ≡ δ of the above saddle point equation, the probability distribution (8) leads to
























We first evaluate the saddle point zs as a solution of the equation (49). Due to the complexity of the integrand of the
right hand side of equation (49), it is hard to carry out the integral with respect to β analytically. Hence, in following,
we apply several approximations to the evaluation of the saddle point.
As a first attempt to approximate the solution for (49), we evaluate the integral with respect to β at the upper
bound β = 1 of the integrand. In other words, we consider the case in which each urn is put in the homogeneous heat





















for |zs| < 1. Thus, for a given density ρ, the saddle point is written by z(β=1)s = ρ(1 + ρ)−1. This saddle point z(β=1)s
















It is also possible for us to evaluate the integral with respect to β at the lower bound β = 0 of the integrand. Namely,










and this reads z
(β=0)
s = ρ. Apparently, this saddle point z
(β=0)
s diverges in the limit of ρ→∞. For this saddle point
z
(β=0)
s = δ, the distribution (50) is written by the following Poisson law.




As another candidate of the approximation for the urns in the heterogeneous heat baths, we can evaluate the integral























by taking into account the convexity of the logarithm. Therefore, the density ρ is bounded from the above as











It should be noted that this evaluation ρ = ρ(upper) is exactly the same as the evaluation ρ = zsG
′




β−1zns by Ohkubo et.al. [11] who used the replica symmetric theory. The numerator and the denominator
are calculated as zsG
′












Therefore, the upper bound of (56) is evaluated as
ρ ≤ ρ(upper) = zs








Unfortunately, it is tough for us to solve the equations (58) explicitly in the limit of ρ(upper) → ∞ by evaluating the
sum Q(n, zs). However, we can check numerically that the equation (58) has a solution zs = 1 for ρ
(upper) →∞.

































and we obtain the Pareto law.
On the other hand, for δ < 1, the leading term of the right hand side of equation (50) is







≃ e−k log δ−1 (60)
and the probability P (k) decreases exponentially to zero as the number of balls k increases.
Thus, for this choice of the energy function (48), the Pareto law emerges if urns in the systems are surrounded by
heterogeneous heat baths.
B. The Backgammon model
In last part of this paper, we mention about the probability distribution P (β, k) for the Backgammon model
introduced by Ritort [20]. The energy function of the Backgammon model is given by
E(n) = −ǫδ(n, 0). (61)
From this expression (61), the energy for each urn decreases if and only if the urn does not have any ball.






























eβǫ + zs(1− zs)−1 (64)
For a given solution zs of the above saddle point equation, we obtain the probability P (k) as follows.











(k 6= 0) (65)
From this result, we find that the probability P (k) decreases exponentially as exp[−k log(1/zs)] . Qt the low temper-
ature, the urns with k = 0 become dominant and P (k = 0) is closed to 1.
For example, if we assume that ǫ obeys a uniform distribution in [0, 1], the distribution P (k, β, zs) is given by
P (k, β, zs) =
{
1− β−1 log{1 + (e−β − 1)zs} (k = 0)
(zsβ)
−1(1 − zs) log{1 + (e−β − 1)zs}−1exp[−k log(1/zs)] (k 6= 0) (66)
For any case, the Pareto law does not appear in this model system.
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VII. DISCUSSION
In this paper, we introduced a simple microscopic model of economy to explain and discuss the Pareto law in tails
of wealth distributions systematically. We evaluated the probability P (k) that an arbitrary urn has k balls by using
statistical mechanics. We applied our formalism to several urn models of both the Ehrenfest and Monkey classes.
Especially, for the choice of the energy function as E(ni) = ǫini with density of state D(ǫ) ∼ ǫα for the Monkey
class urn model, we found that below the critical temperature T < Tc at high density level ρ≫ 1, the Bose-Einstein
condensation is taken place, and most of the urns falls in the lowest energy level ǫ = 0. As the result, the distribution
function P (β, k) changes its scaling behavior from the exponential k−3/2 e−k-law to the k−(α+2) Pareto-law in large k
regime. This result might be linked to an economic revolution from planned economy to market economy as follows.
In the society of planned economy, most of people specified by ǫ 6= 0 cannot use or earn money freely. This is because
she or he is restricted so as to minimize her or his own energy E = ǫn. However, once a revolution from the planned
economy to the market economy occurs, people labeled by ǫ = 0 become dominant and they start to earn and use
their money freely neglecting the requirement of minimization of energy E = ǫn. Thus, the urn condensation in our
microscopic model of economy might be regarded as a kind of economic revolution. After the society moves to the
market economy, Pareto-tails in the wealth distributions emerge in our scenario.
We also would like to mention about several empirical data analysis for the Pareto law. In the reference [21], we may
find the values of exponent, namely, the so-called Pareto index γ of k−γ is [1.1, 3.34] for USA 1980-2001, [3.47, 5.76]
for UK 1991-2001 and [2.42, 3.96] for Germany 1990-2002. It might be worth while for us to notice that if we choose
the density of state D(ǫ) as D(ǫ) ∼ ǫα, then, the corresponding Pareto laws becomes ∼ k−(α+2). Thus, it is possible
to choose α so as to satisfy α+2 = γ for the Pareto index. Then, we should remember that D(ǫ) means a distribution
of “psychological barrier” for each person to earn the money. If the slope of the distribution is too sharp, that is, α
is large enough, the resultant Pareto index also becomes large. As the result, the fatness of the Pareto-tail decreases.
This is naturally accepted, however, the microscopic explanation for the shape of the distribution D(ǫ) is strongly
dependent on the society or the business (whether the business is bad or good in that period). In other words, the
density D(ǫ) should be determined by the strategy of decision (save money or purchase something) for each person.
In addition, the D(ǫ) might change its shape during long-time intervals. Of course, the model we presented in this
paper is the simplest one and it might be needed to take into account the details of the market etc.
Acknowledgments
I would like to acknowledge Jun Ohkubo for fruitful discussion and a lot of useful comments. The present work
was financially supported by Grant-in-Aid for Young Scientists (B) of The Ministry of Education, Culture, Sports,
Science and Technology (MEXT) No. 15740229.
[1] V. Pareto, Cours d’ Economie Politique, Vol. 2, F. Pichou, Lausanne (1897).
[2] J. Angle, Social Forces 65, 293 (1986).
[3] S. Ispolatov, P.L. Krapivsky and S. Redner, Eur. Phys. J. B 2, 267 (1998).
[4] J.-P. Bouchaud and M. Mezard, Physica A 282, 536 (2000).
[5] A. Dra˘gulescu and V.M. Yakovenko, Eur. Phys. J. B 17, 723 (2000).
[6] A. Chatterjee, B.K. Chakrabarti and S.S. Manna, Physica Scripta 106, 36 (2003).
[7] Y. Fujiwara, C. DiGuilmi, H. Aoyama, M. Gallegati and W. Souma, Physica A 335, 197 (2004).
[8] Econophysics of Wealth Distributions, New Economic Window, A. Chatterjee, S. Yarlagadda and B. K. Chakrabarti (Eds.),
Springer (2005).
[9] B. A. Huberman, L. A. Adamic, Nature 401, 131 (1999).
[10] A.-L. Baraba´si and R. Albert, Science 286, 509(1999).
[11] J. Ohkubo, M. Yasuda and K. Tanaka, Phys. Rev. E 72, 065104 (R) (2006).
[12] C. Godreche and J. M. Luck, Eur. Phys. J. B. 23, pp. 473-486 (2001).
[13] D. Sherrington and S. Kirkpatrick, Phys. Rev. Lett. 35, 1792 (1975).
[14] M. Mezard, G. Parisi and M. A. Virasoro, Spin Glass Theory and Beyond, World Scientific (1987).
[15] P. Bialas, Zdzislaw and D. Johston, Nuclear Physics B 493, pp. 505-516 (1997).
[16] P. M. Morse and H. Feshbach, Models of theoretical physics, McGraw-Hill, New York (1953).
[17] N. Kakwani, Income Inequality and Poverty, Oxford University Press (1980).
[18] A. Dra˘gulescu and V.M. Yakovenko, Eur. Phys. J. B 20, 585 (2001).
[19] A.C. Silva and V.M. Yakovenko, Europhys. Lett. 69, 304 (2005).
[20] F. Ritort, Phys. Rev. Lett. 75, 1190 (1995).
14
[21] F. Clementi and M. Gallegati, Pareto’s Law of Income Distribution : Evidence for Germany, the United Kingdom, and
the United States, in [8] (2005).
